
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

37.9
proposition7.9
a b e have beenproved
e the set of simple roots 71 are these
Cersei 2 ed Ley Lely de Ycdel He
cases 2 f Laitobey de 4lady t Qe de

corsets 2 26 22 25 as if Cdi1241 24 4Caitdig
case4 x 24 dri g Lai tdy t dip
c The normalized bilinear form l i 7 on g is given by the following12121 2 if 2Goeformulerg n

I ch I tr l z chI hit Im Chl Es o if h h GH d Go

12 EalEp Saup creep r'S q if 2 13 COne creep cOg
EslEp 0 of d tog f3toe 0

proof For Casel i XI Beti
call 2 L 2if211 2 i l delLe l ke'tLets 1412J12ft flabby
I K Gc ditdei In

delde ditdei12J12ftj It
Li e Li l lei et l LE LIV TLEE
dit di L 12T 2 c ki ee 1 cat121 A

For case2 X Arey
Lilli I f l ditWeyI l f l di't24171 1 delde 42 1261 2
Forcas3 X F6
Lilli 1221221 EZ 1231237 124 24

For case4 X Dg
Limp 3 I 22122 e E3

121 if L 13Eoe Then KEL1Eq e E's Epi Sa up
if L GG Os Then CELLEq L Eira 1 1Entry I Efog t TEntropy

2 2,1 l Erica I Eulopy IT 1Erica I Efpi t lE'dIEutopyd'VE'd'tEp
e M 2 f3 MP P if de fb i.e it Ld'tt d milfs Tb
then we have L s fo or d e f lf3 D
n'f L fb Kai l Efg IFulop I t CE'dI pit I I 2
The same as a e http
tf x I 13 L t fi a f it tf3 wtf D
Then we have 0821Ep e tSa p

d O is the beet of roots of g with respect to the cartoon subalgebraft UscreepOes be the set of short creep long roofs and Q is sits



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

roof lattice Ove Oe Utog

pnefi if 2 toe then I L zu la zc f v ich la 1jury'Drfd EOS then 2 ve F in ca t jury's1ftK'IT Trina's2t Td p a u i this N
Zr

r2

f I Letting The_Tr noe Tes ITI nos we have Tru MeUrals

g Case I i Oo I d t Lst n 1Le
case 2 O L 122 t Zde l t de
Case3 i Oo L T 2227 343T 224
Case4 i Oo I di 7222 g

proof Eg gti g It Remyg bsince Eh EE h jEI where he E Ll LEO
we want to find the barghest weight x It is obviously to check

thehighest root on g Equivalently to find the highest j elementorbitCase I i U cDet I I Lj t Lif t Lj 22j 122ft t 122 tdi 2
IE icjcl.lt tT2g IEicl 9iajeet1

The highest Z element orbit
42it t de't 1 di t t te i 1

A it ATBthen the highest weight 2 I Li t t de itde2
h IE's h J EY

Cased DCArey I fLo t 2 t Taj l I E iEg E217The highest 2 element obriti
Li 1 t dies 2s t 1 die I NII BysEso

A BG
Then 2 AIB e 2 1 2221 i T Hey Tdez

er f j HADI90kgEpis
AngHH te

Remark7.9
a 17.8.51 VS a special case of 079.3 for 2 12 1 Simply based we have a If3 GO Iff caIfs Fl

then dTf3 Go d p o peo
b Commutationrelations 4g3 can beExtended to the whole gcX
as follows
Let EE e Ea e Ea N'fa boy



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

25 e yJuice y t grJwred of Lt 0gThen COEV j s r l Eh f Ch 12 Efi51 of h c Lll 2 Go

foreal EE's f II Ig 3

proof If i l jet
Eh Ed Eh y Erica's gLEI

Ch Ivica g Efik t ch I d'tg26
I µ th 12 Erica t 1h Id't y2Ejhe I d 1Erica gLEI the I d cry2Erica pry Ej
Ch I2 Ej's

if i j l o GOs
Ej Eiji E tf Erik T Ed y1Ebony TEia

y 2 I Eating Eying t B EEjacay E a t B EE'dElvia
1LED E's

y21 fired L e y 4CJola y22
L

c The cheerally mvolution w and the compactinvolution Wo ef gcXm
are given by Cac GwCEL E a w LL 2 Wooton E L Woca 2

d The Hermitian form l l lo is positive definite on glX where
He is of finite type
proof we know i l't to cWoca Y

37.10
Case5 QCAze ri cti Getzi
01Are f Ji Tj1 I Ev j s 21 rely3
Ti 2 it Us dz G Uz due be hey
Then g Cdi L eti v Ase o o o O o o
In this case There is no in ohreariant I z ve l 2L
orientation we consider the orientationµµoo o I 2 3 ethen the diagram automorphism fr ofGCAe 0 o

ois defined by o o O i O O
Mca fold MIE's c 1 httFica Ze 2ft zese et

I
o o u 0 50 Be



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Let Oee f f 12 it ca s I d ffo ca and K Ito ca 0
Oz f f ca tu ca l I I d 9 ri w and K lfo la'D toyO be Ubs

Of Ed c I ht Eycay of a toy
FeelEj c 1 httE'play tf 2 toHe HEH yuh L H I f h GH nth h

g H 1 00Ex
g Ll 0 EggsQ Ea t l 1 httErica lfqfu.PE'd

prop7.10
a glare g g
pnafi g is the eigenispace of re associatives to the eigenvalue 1

if 2 toe MIEL yCE c 1 httErica I
c 1 thIEEica c 1 htt c 1 tht Ej

ht L hit CL htm ca I E'd t c 1 ThetaEfw
p Ed l 1 htt Etsy FLh g

in glaze
µ ry ne os metal Eat GLAM D Mh L where h GH

ng is the eigenspace of ur associative to cake eigenvalue 1
From the construction we have Mlk's h uf h c If
if a_MLL L E o ThenMc02 C1 ht 6GW Ej

Zip EEEfBe 348Esde Let D htt 25 S Ef l s b

if 2Hyuk 2 GO
then u l6 t c 1 hadEjaca l 1 httErica eighthc 1Hhtering

CEL t c1 httEfik
b gis the simple lie algebra of typeBe and its commutation relations
are given by 07.9.31

proofi dev ly e Leyva ly co si Et l

EEL E a 22 creep 222 if 2 toe creep Leong
proof if dGone Then EFa F L LEd c1 httEdguy E's L 1 httElieay

EEL E's T I E'd l 1 httEdieay EL1 httEjacay Glas t
L g ca 40 EE Ffcaye Ex's E's t lErica Eje

L to La 22 Ld f Cdtyco
tf LEOz LEL Ed 42

A LVT 1Ly di T du He 1hey



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e The set of simple roots Tv is that
2 12 12 are f L2s 1die he J Cayt de't l

c The normalized bilinear form l l on g is givenbyh ch I h Zchth In ChetEd 0 of h h E Ll dGo
v Fx Ep g

28283 tf 2 p toe
48213 Vf L PGoe

EstEp D tf 2 toy f3Eoe
proof a Carl di I l I lov'tdiei I Cdi Lie I C l Ev Et l

deldel e l f lde'tde't I Cine tde't Tf
hi L'Tt Wi Gl Ev E b l dei 212ft 2 I
Lai I di l lditdze.it I di die it I g l l Ei El 1

Idf 1Left f
Chih 7 2 http In
2 if Lif toe ThenCfa Ep Ej c1 ht EugenIEf c 1 htBGoc.gg
CELIE'p Ed I l 1httpEulogyd l 11h04Erica IEy T c1htathopIEutcastEicp

L f3 d ca Ivica's Ipo ltrop'D o

if LI f3 then we have L e fo or d julep l
tf 24 f3 then a 4 up d F Jutf3

if L e fo Then I Thi e
nf 24 ps then buff 0

if 2 if E og Then 1821Eps
Th 2.2 pay e En y LUIYIU l d for a ga YGg a s dGO

Vf 2 Eoe de f3 Lea E a lExt Ea Ut L
245 22 RHS 2 U flattered 2 f L VtrT2d

2 4 L'trica's K 4942D 22

Vf LEGS 2 13 LEX Ea 42
I Ea I E 2 u 112 4 do LL 1TVcd'll 42



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

d O is the set of roots of g with respect to the Cartan subalgebra
Lt O creepone be the set ofshort creep long roots and Q is vts
root lattice Ok Zoe U40g

proofi Vf L EOne then L f Ld'tit ca cL tu caD 0
then I id t f K'IV

4ft Goes then 2 4 Ld Jr W Ld Ii Lx 40
then I td shawty K V

z L 12

F LettingTre_n n Oe Tng TInoes we have TT The U 4This

g Tg g 7 9 and the g module g is irreducible northhighest weight
00 22 122 t THq

proof I g G g by Rem7.10
Are i 0 If Li t di't t n t Lj l I E iEj salt
G Ll 0 IggyQlEa t l 1

hadErica lEq
E

is the highest weight corresponds to the highest roof

Then Eh e 22 1222 1 1He Exit the

3711 Construction of infinite rank affine algebras
1 Def A generalized Cartan matrin of infinite order is called

an infinite affine maconin if every one of its principalmemoryof finite order is positive
exercise 4.14 show that the Following is a complete list ofconnected Dynkindiagrams of generalized Cartan matrices of

infinite order s.lt any principal minor of finite order is
poistive
Ab o

Ath o o o

Bb o o o o i

zpzqjw.gwpa.gg
wayCb o o O i

Dis o B o o HtgBRe3pBBpKBgg



2Def Let A be an infinite affinematron and gCA be theassociated
Kac smoochy algebra defined in Rem 15 for n bThese Lie algebras are called infinite rank affinealgebras
gLA GLA niff defA 70

3 for those Kae Woody algebras we have O Eone
Given a toy denote by T cc Ll sit D Iga Ga and ca I 3 2
put ou TELL at o to the set of dual roots
Denote bygets the lie algebra of all complex matrices canighisjez
It the number of nonzero avg is finite with the usual braked
Let Eij cglib to Ecb so that EvjLbj ti
Let A Ab ThenG'CA 5lb f a cgets Fra OY

The chevabley generators of gCA ome i bi_Finial f i iii if
the single convos TN 2T Enix Eiti i we817

It is easy to cheek
Cer fj Sight i j EZ
Th bi ch er Sei eh fg she ar fi he H

Q GCA is a simple ire algebra Baird BaTopoin 58364Bgguy
Denotes by Ei the linear function on Lt s t E CZjj Sig LjG ZI
The root system and root spaces of gCA are

o Ei Ej City ni j c Z FeiEj DErj
Ev Ej being a positive root niff icy
The set of simple roots 03 TT di Gi chit CVE827

C di LY L Ej Em i Gi Gj b 3
The set of positive dual roots is

04 Tru U dirtdiet t Taj where raj v j t 23

q
the root space decomposition woah respect to Lt is

gCA H l GaiGj l
The triangular decomposition gCA n H ht


